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Abstract
We determine the structure of automorphism group or each nonsplit metacyclic 2-group.
This completes the work on automorphism groups of metacyclic p-groups.
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1 Introduction
A metacyclic group is an extension of a cyclic group by another cyclic group. As is well-known
(see Section 3.7 of [8]), each metacyclic group can be presented as
H(n,m; t, r) = 〈α, β | αn = 1, βm = αt, βαβ−1 = αr〉. (1)
for some positive integers n,m, r, t with rm − 1 ≡ t(r − 1) ≡ 0 (mod n).
In recent years, people have been studying automorphism groups of metacyclic p-groups.
The order and the structure of Aut(G) when G is a split metacyclic p-group were found in [1,4];
when G is a nonsplit metacyclic p-group with p 6= 2, Aut(G) was determined in [5].
In this paper, we deal with nonsplit metacyclic 2-groups, based on [3] in which we derived
explicit formulas for automorphisms of a general metacyclic group. According to Theorem 3.2
of [7], each nonsplit metacyclic 2-group is isomorphic to one of the following:
(I) HI(a, b, c, d) := H(2
a, 2b; 2c, 2d + 1) for a unique quadruple (a, b, c, d) with
d > 1 and max{d, a − d− 1} < c < min{a, b}, (2)
(II) HII(a, b, e) := H(2
a, 2b; 2a−1, 2e − 1) for a unique triple (a, b, e) with
max{1, a − b} < e < min{a, b}, (3)
(III) HIII(a) := H(2
a, 2; 2a−1, 2a − 1) for a unique a > 1.
∗
Email: chenhm@math.pku.edu.cn
1
We do not deal with case (III), in which G is a generalized quaternion group, and the automor-
phism group was determined in [9]. Denote r = 2d+1 in case (I), and r = 2e−1, c = a−1, d = 1
in case (II). Denote H(2a, 2b; 2c, r) simply as H whenever there is no ambiguity.
Notation 1.1. For an integer N > 0, let ZN denote Z/NZ, and regard it as a quotient ring
of Z. Let Z×N denote the multiplicative group of units. For u ∈ Z, denote its image under the
quotient Z։ ZN also by u.
For integers u, s > 0, let [u; s] = 1 + s+ · · ·+ su−1 and [0; s] = 0.
For any k, v ∈ Z, by rk we mean rkˇ, where kˇ ∈ {0, 1, . . . , 2b − 1} denotes the remainder
when dividing k by 2b; by [v; rk] we mean [vˇ; rkˇ]. For w ∈ Z2a, by α
w we mean αw˜ where w˜ is
any integer mapped to w by Z։ Z2a ; similarly, β
w for w ∈ Z2b makes sense.
For an integer u 6= 0, let ‖u‖ denote the largest integer s with 2s | u; set ‖0‖ = +∞.
Use expα(u) to denote α
u when the expression for u is too long.
Throughout the paper, we abbreviate A ≡ B (mod 2a) to A ≡ B as often as possible.
2 Preparation
It follows from (1) that
(αu1βv1)(αu2βv2) = αu1+u2r
v1
βv1+v2 , (4)
(αuβv)k = αu[k;r]βvk. (5)
For the following two lemmas, see [3] Lemma 2.1–2.4.
Lemma 2.1. If s > 1 with ‖s− 1‖ = ℓ > 1 and x > 0 with ‖x‖ = u > 0, then
[x; s] ≡ (1 + 2ℓ−1)x (mod 2ℓ+u), sx − 1 ≡ (s − 1 + 22ℓ−1)x (mod 22ℓ+u).
Lemma 2.2. There exists σ ∈ Aut(H) with σ(α) = αx1βy1 , σ(β) = αx2βy2 if and only if
2b−d | y1 (6)
x2[2
b; ry2 ] + 2cy2 − x1[2
c; ry1 ]−
2cy1
2b
2c ≡ 0, (7)
(ry1 − 1)x2 + ([r; r
y1 ]− ry2)x1 +
(r − 1)y1
2b
2c ≡ 0, (8)
2 ∤ x1y2 − x2y1. (9)
Due to (6), we may write y1 = 2
b−dy. The following two lemmas are special cases of [3]
Lemma 2.8 (iii) and (ii), respectively. Here we reprove them in a relatively succinct way.
Lemma 2.3. When H = HI(a, b, c, d), the conditions (7) and (8) hold if and only if
x1 ≡ 1 + 2
b−cx2 (mod 2
a−c), (10)
y2 ≡ 1 + (2
c−d + 2c−1)y (mod 2a−d). (11)
2
Proof. Now that ‖y1‖ ≥ b− d > c− d ≥ a− 2d, applying Lemma 2.1, we obtain r
y1 ≡ 1 + 2by,
[r]ry1 ≡ r, [2
c]ry1 ≡ 2
c, [2b]ry2 ≡ 2
b, hence (7) and (8) become
2bx2 + 2
c(y2 − x1 − 2
c−dy) ≡ 0, (12)
2bx2y + (r − r
y2)x1 + 2
cy ≡ 0, (13)
respectively. It follows from (13) that
d+ ‖y2 − 1‖ = ‖r
y2−1 − 1‖ ≥ c ≥ a− d; (14)
by Lemma 2.1, ry2−1 − 1 ≡ 2d(1 + 2d−1)(y2 − 1), hence
ry2 − r = (1 + 2d)(ry2−1 − 1) ≡ (2d + 22d−1)(y2 − 1).
So (13) can be converted into (1+2d−1)(y2− 1)x1 ≡ (2
b−dx2+2
c−d)y (mod 2a−d); multiplying
1− 2d−1 and using (14), we obtain
x1(y2 − 1) ≡ (2
b−dx2 + 2
c−d − 2c−1)y (mod 2a−d).
Then
(x1 + 2
c−dy)(y2 − 1− 2
c−dy) = x1(y2 − 1) + 2
c−d(y2 − x1 − 2
c−dy − 1)y
≡ (2b−dx2 − 2
c−1 + 2c−d(y2 − x1 − 2
c−dy))y (mod 2a−d)
≡ −2c−1y (mod 2a−d),
where in the last line, (12) is used. Thanks to 2 ∤ x1 + 2
c−dy and c ≥ a − d, we can deduce
(11), then (10) follows from (11), (12) and the condition c− 1 ≥ d ≥ a− c.
Conversely, it can be verified that (10), (11) indeed imply (12), (13).
Lemma 2.4. When H = HII(a, b, e), the conditions (7) and (8) hold if and only if one of the
following occurs:
• 2 | y and y2 ≡ 1 (mod 2
a−e);
• e ≤ a− 2, 2 ∤ y and ‖y2 − 1‖ = a− e− 1.
Proof. For any z with ‖z‖ = u ≥ 1, applying Lemma 2.1 to s = r2, x = z, we obtain
[2z; r] = (1 + r)[z; r2] ≡ 2e(1 + 2e)z ≡ 2ez (mod 2e+u+1),
r2z − 1 = (r2)z − 1 ≡ (r2 − 1 + 22e+1)z (mod 22e+2+u); (15)
these are still true when r is replaced by ry2 , as 2 ∤ y2 so that ‖r
y2±1‖ = ‖r±1‖. In particular,
[2b; ry2 ] ≡ 2e+b−1 ≡ 0, ry1 − 1 ≡ 0. (16)
Note that 22c−by1 ≡ 2
c(y2 − x1) ≡ 0, hence (7) holds for free. The condition (8) becomes
ry2−1 − 1 ≡ 2a−1y, which is, by (15), equivalent to
e+ ‖y2 − 1‖ ≥ a if 2 | y, e+ ‖y2 − 1‖ = a− 1 if 2 ∤ y;
by (9), the second possibility occurs only when e ≤ a− 2.
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3 The structure of automorphism group
3.1 H = HI(a, b, c, d)
Let Ξ denote the set of (x1, x2) ∈ Z2a × Z2a satisfying (10), and let Ω denote the set of
(y, y2) ∈ Z2a+d−c × Z2a+b−c satisfying (11). By Lemma 2.1 and (2), we have
r2
b−dy = (1 + 2d)2
b−dy ≡ 1 + 2by.
Thus each automorphism of HI(a, b, c, d) can be expressed as
σx1,x2;y,y2 : α
uβv 7→ expα(x1[u; 1 + 2
by] + (1 + 2byu)x2[v; r
y2 ]) expβ(2
b−dyu+ y2v) (17)
for some quadruple (x1, x2, y, y2) ∈ Ξ× Ω, and σx1,x2;y,y2 = σx′1,x′2;y′,y′2 if and only if
y′ ≡ y (mod 2d), x′1 − x1 + 2
c−d(y′ − y) ≡ 0, (18)
y′2 ≡ y2 (mod 2
b), x′2 − x2 +
y′2 − y2
2b
2c ≡ 0. (19)
Let
φx1,x2 = σx1,x2;0,1, ψy,y2 = σ1,0;y,y2 . (20)
The following can be verified using (4), (5):
φx′
1
,x′
2
◦ φx1,x2 = φx′1x1,x′1x2+x′2 , (21)
ψy′,y′
2
◦ ψy,y2 = ψy′+y′2y,y′2y2 , (22)
φx1,x2 ◦ ψy,y2 = σx1+x2[2b−dy;r],x2[y2;r];y,y2, (23)
ψy,y2 ◦ φx1,x2 = σ[x1;r′],[x2;r′];yx1,2b−dyx2+y2 , with r
′ = 1 + 2by. (24)
Let
X = {φx1,x2 : (x1, x2) ∈ Ξ}, Y = {ψy1,y2 : (y, y2) ∈ Ω}. (25)
Then X,Y are subgroups of Aut(H), and there is a decomposition
σx1,x2;y,y2 = φx˜1,x˜2 ◦ ψy,y2 , (26)
with x˜1 = x1 − x2[2
b−dy; r][y2; r]
−1, x˜2 = x2[y2; r]
−1. (27)
As special cases of (18) and (19), φx1,x2 = ψy,y2 if and only if
‖y‖ ≥ d, ‖y2 − 1‖ ≥ b, x1 ≡ 1 + 2
c−dy, x2 ≡
y2 − 1
2b
2c. (28)
It follows that
X ∩ Y = 〈φ1+2c,0, φ1,2c〉 = 〈ψ2d,1, ψ0,1+2b〉
∼= Z2a−c × Z2a−c. (29)
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Let
f = min{a, b}, z =
{
−1, b < a,
0, b ≥ a,
w = −(1 + 2d−1)−1, (30)
φ0 = φ1,2a−f , φ1 = φ1−2f−c,z, ψ0 = ψ2a−c,1, ψ1 = ψw,1−2c−d . (31)
Consider the homomorphism ρ : X → Z2a sending φx1,x2 to x1. It is easy to see that
ker(ρ) = {φ1,x2 : ‖x2‖ ≥ a− f} = 〈φ0〉
∼= Z2f , (32)
Im(ρ) = {x : ‖x− 1‖ ≥ f − c} ≤ Z×2a . (33)
If f ≥ c+ 2, then Im(ρ) = 〈1− 2f−c〉 ∼= Z2a+c−f , hence
X = 〈φ0, φ1 | φ
2f
0 , φ
2a+c−f
1 , φ1φ0φ
−1
1 φ
2f−c−1
0 〉
∼= Z2f ⋊ Z2a+c−f ; (34)
if f = c+ 1, then Im(ρ) = Z×2a = 〈−1, 5〉
∼= Z2× Z2a−2 by Theorem 2’ on Page 43 of [6]. Hence
X = 〈φ0, φ1, φ2 | φ
2f
0 , φ
2
1, φ
2a−2
2 , (φ1φ0)
2, φ2φ0φ
−1
2 φ
−5
0 , [φ1, φ2]〉
∼= Z2f ⋊ (Z2 × Z2a−2), (35)
with φ2 = φ5,−2z. (36)
Consider the homomorphism µ : Y → Z2b+a−c sending ψy1,y2 to y2. Clearly
ker(µ) = {ψy,1 : y ∈ Z2a+d−c : ‖y‖ ≥ a− c} = 〈ψ0〉
∼= Z2d , (37)
Im(µ) = {y2 : ‖y2 − 1‖ ≥ c− d} ≤ Z
×
2a+b−c
. (38)
If c ≥ d+ 2, then Im(µ) = 〈1− 2c−d〉 ∼= Z2a+b+d−2c, hence
Y = 〈ψ0, ψ1 | ψ
2d
0 , ψ
2a+b−d−2c
1 , ψ1ψ0ψ
−1
1 φ
2c−d−1
0 〉
∼= Z2d ⋊Z2a+b+d−2c ; (39)
if c = d+ 1, then Im(µ) = Z×
2b+a−c
= 〈−1, 5〉 ∼= Z2 × Z2a+b−c−2 , hence
Y = 〈ψ0, ψ1, ψ2 | ψ
2d
0 , ψ
2
1 , ψ
2a+b−c−2
2 , (ψ1ψ0)
2, ψ2ψ0ψ
−1
2 ψ
−5
0 , [ψ1, ψ2]〉
∼= Z2d ⋊ (Z2 × Z2a+b−c−2),
(40)
with ψ2 = ψ−2w,5. (41)
The above can be summarized as
Theorem 3.1. For H = HI(a, b, c, d), we have Aut(H) = XY such that
X ∼=
{
Z2f ⋊ Z2a+c−f , f ≥ c+ 2,
Z2f ⋊ (Z2 × Z2a−2), f = c+ 1,
Y ∼=
{
Z2d ⋊ Z2a+b+d−2c, c ≥ d+ 2,
Z2d ⋊ (Z2 × Z2a+b−c−2), c = d+ 1,
X ∩ Y ∼= Z2a−c × Z2a−c .
Consequently, the order of Aut(H) is 2b+c+2d.
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Remark 3.2. In principle, we are able to obtain a presentation for Aut(H). The generators
are those of X,Y , and the relator set can be divided into RX ∪RY ∪RX,Y ∪R
′, where
• RX (resp. RY ) consists of relators in the presentations for X (resp. Y ),
• RX,Y consists of two elements corresponding to the two generators of X∩Y , i.e., φ1+2c,0 =
ψ2d,1 and φ1,2c = ψ0,1+2b ,
• relators in R′ have the form ϑjθi = γδ, where ϑj (resp. θi) is a generator for Y (resp.
X), and γ (resp. δ) is a product of generators for X (resp. Y ).
As an example of element in R′,
ψ0 ◦ φ0 = σ1,2a−f ;2a−c,h = φh−1,2a−fh−1 ◦ ψ2a−c,h, with h = 1 + 2
2a+b−c−d−f ;
one can further write φh−1,2a−fh−1 (resp. ψ2a−c,h) as a product of generators for X (resp. Y ).
However, the computations are so complicated that we choose not to write down explicitly.
3.2 H = HII(a, b, e)
Recall that r = 2e − 1, c = a− 1 and d = 1.
Let Ξ denote the set of (x1, x2) ∈ Z2a × Z2a with 2 ∤ x1, and let Ω denote the set of
(y, y2) ∈ Z4×Z2b+1 satisfying the conditions in Lemma 2.4. Each automorphism of HII(a, b, e)
can be expressed as (recalling ry1 ≡ 1, as in (16))
σx1,x2;y,y2 : α
uβv 7→ expα(x1u+ x2[v; r
y2 ]) expβ(2
b−1yu+ y2v) (42)
for some quadruple (x1, x2, y, y2) ∈ Ξ× Ω, and σx1,x2;y,y2 = σx′1,x′2;y′,y′2 if and only if
y′ ≡ y (mod 2), x′1 − x1 + 2
a−2(y′ − y) ≡ 0, (43)
y′2 ≡ y2 (mod 2
b), x′2 − x2 +
y′2 − y2
2b
2a−1 ≡ 0. (44)
Let
φx1,x2 = σx1,x2;0,1, ψy,y2 = σ1,0;y,y2 . (45)
We have
φx′
1
,x′
2
◦ φx1,x2 = φx′1x1,x′1x2+x′2 , (46)
ψy′,y′
2
◦ ψy,y2 = ψy′+y′2y,y′2y2 , (47)
φx1,x2 ◦ ψy,y2 = σx1+x2[2b−1y;r],x2[y2;r];y,y2, (48)
ψy,y2 ◦ φx1,x2 = σx1,x2;yx1,2b−1yx2+y2 . (49)
Let
X = {φx1,x2 : (x1, x2) ∈ Ξ}, Y = {ψy,y2 : (y, y2) ∈ Ω}. (50)
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Thus X,Y are subgroups of Aut(H), and there is a decomposition
σx1,x2;y,y2 = φx˜1,x˜2 ◦ ψy,y2 , (51)
with x˜1 = x1 − x2[2
b−1y; r][y2; r]
−1, x˜2 = x2[y2; r]
−1. (52)
As special cases of (43), (44), φx1,x2 = ψy,y2 if and only if
y ∈ {0, 2}, y2 ∈ {1, 1 + 2
b}, x1 ≡ 1 + 2
a−2y, x2 ≡
y2 − 1
2b
2a−1. (53)
Hence
X ∩ Y = {ψ0,1, ψ0,1+2b , ψ2,1, ψ2,1+2b}
∼= Z2 × Z2. (54)
Let
φ0 = φ1,1, φ1 = φ−1,0, φ2 = φ5,0, ψ0 = ψ2,1, ψ1 = ψ1,1−2a−e−1 . (55)
Similarly as in the previous subsection, we can obtain
X = 〈φ0, φ1, φ2 | φ
2a
0 , φ
2
1, φ
2a−2
2 , φ1φ0φ
−1
1 φ0, φ2φ0φ
−1
2 φ
−5
0 , [φ1, φ2]〉
∼= Z2a ⋊ (Z2 × Z2a−2). (56)
If e ≤ a− 3, then
Y = 〈ψ0, ψ1 | ψ
2
0 , ψ
2b+e−a+2
1 , [ψ0, ψ1]〉
∼= Z2 × Z2b+e−a+2 . (57)
If e = a− 2, then
Y = 〈ψ1, ψ2 | ψ
2
1 , ψ
2b−1
2 , [[ψ1, ψ2], ψ1], [[ψ1, ψ2], ψ2], [ψ1, ψ2]
2〉, with ψ2 = ψ1,5. (58)
In the notations of [2] Chapter IV, Section 3, choose a map s : Z2×Z2b−1 → Y , (u, v) 7→ ψ
u
1ψ
v
2 ,
so that s(0, 0) = 1, then it can be computed that
s(u1, v1)s(u2, v2)s(u1 + u2, v1 + v2)
−1 = [ψ1, ψ2]
u2v1 .
Hence Y is isomorphic to the central extension of Z2×Z2b−1 by Z2 determined by the 2-cocycle
f : (Z2 × Z2b−1)
2 → Z2, (u1, v1, u2, v2)→ u2v1; (59)
denote this group by Ef .
If e = a− 1, then we find directly that
Y = 〈ψ0, ψ˜1, φ˜2 | ψ
2
0 , ψ˜
2
1 , ψ˜
2b−1
2 , [ψ0, ψ˜1], [ψ0, ψ˜2], [ψ˜1, ψ˜2]〉
∼= Z2 × Z2 × Z2b−1 , (60)
with ψ˜1 = ψ0,−1, ψ˜2 = ψ0,5. (61)
Theorem 3.3. For H = HII(a, b, e), we have Aut(H) = XY such that
X ∼= Z2a ⋊ (Z2 × Z2a−2),
Y ∼=


Z2 × Z2b+e−a+2 , e ≤ a− 3,
Ef , e = a− 2,
Z2 × Z2 × Z2b−1 , e = a− 1,
X ∩ Y ∼= Z2 × Z2.
Consequently, the order of Aut(H) is 2a+b+min{a−2,e}.
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